The nonlinear waves of terahertz (THz) range are investigated in the paraelectric crystals SrTiO 3 at the temperatures ~77 K. The frequency dispersion is important there. In the absence of a bias electric field the dominating nonlinearity is cubic. The frequency dispersion and nonlinearity correspond to existence of envelope solitons and the modulation instability (MI) of long input pulses, whereas in the transverse direction MI is absent. There exists a possibility to generate the regular sequences of short THz pulses due to MI in bounded SrTiO 3 crystals. The focusing of input long pulses reduces the threshold of MI, increases the output amplitudes of the short pulses, and provides more stable generation of the short pulses. It is investigated the frequency multiplication of THz electromagnetic radiation in bounded paraelectric SrTiO 3 when a bias electric field is applied. The dominating nonlinearity is quadratic there. The frequency dispersion and the transverse width of the input wave beams affect the generation of higher harmonics. It is possible to select the certain numbers of higher harmonics by means of the optimum length of the crystal, by the width of the beam of the input first harmonic, and by the focusing of the input first harmonic.
Introduction
Over last 20 years the intensive assimilation of terahertz (THz) range (0.1 -30 THz) took place [1] - [3] . The nonlinear dielectrics and semiconductors can be used as volume nonlinear materials in THz range. The ferroelectrics in the non-polar phase are utilized as the nonlinear dielectrics, so-called paraelectrics SrTiO 3 , KTaO 3 , and ceramics on their base [4] - [9] . The paraelectrics are characterized by high electrodynamic nonlinearity and low losses at low temperatures [6] - [9] . The crystalline SrTiO 3 possesses high cubic nonlinearity and low losses in the lower part of THz range 0.1 -1 THz at moderately low temperatures 50 -90 K [6] - [8] . In a distinction from the microwave range, there exists the frequency dispersion in THz range when the frequency is near the soft mode frequency [7] [10] [11] . The soft mode is the lowest frequency of oscillations of the optical type of the crystalline lattice [7] [12]- [14] . The electromagnetic (EM) field dynamics is determined mainly by the soft mode dynamics [12] - [14] . In crystalline SrTiO 3 the soft mode frequency decreases with the decrease of the temperature [7] . In the absence of a bias electric field the dominating nonlinearity is cubic and the nonlinear phenomena like self-action of input EM waves can occur [14] - [19] . The most interesting phenomenon is the modulation instability (MI) of long input EM pulses. When the bias electric field is present, the dominating nonlinearity is quadratic and the frequency multiplication in the volume SrTiO 3 in microwave and THz ranges takes place [20] - [22] . Note that both the nonlinear self-action and frequency multiplication in THz range in SrTiO 3 differ essentially from these processes in the microwave range. In the microwave range the frequency dispersion is practically absent. Thus, to realize MI, it is necessary to create the artificial dispersion, for instance, in dielectric waveguides [23] [24] . The harmonic generation in the microwave range results in the excitation of a vast number of harmonics > 20 and in the formation of shock EM waves, where the number of harmonics is limited by the wave dissipation only [9] .
In this paper the nonlinear EM phenomena in THz range in bounded crystalline SrTiO 3 are investigated theoretically. The moderate cooling T ≈ 77 K is considered.
When the bias electric field is absent, the self-action of input long pulses leads to the modulation instability (MI) and to the generation of the regular sequences of short THz pulses at the output of the crystal. The generation of higher harmonics is absent when the frequency of the input wave is ω > ω T /4, where ω T is the soft mode frequency. The focusing of the input THz wave results in the increase of the output amplitudes of the short pulses and in the stable generation of these pulses. When the bias electric field is present, the dominating nonlinearity is quadratic and the generation of higher harmonics occurs in SrTiO 3 . The frequency of the input EM wave should be chosen lower than in the previous case without bias. When the focusing of the input wave occurs, it is possible to excite the higher harmonics with very high efficiency. The input amplitudes are essentially smaller there, when compared with the case of the self-action.
Nonlinear Polarization in SrTiO3
The propagation of EM waves with the components E x = E, H y , H z is considered along OZ axis within the layer of crystalline SrTiO 3 . The width of the layer is L y , so the layer of SrTiO 3 is at 0 < y < L y , the dielectrics with moderate values of the permittivity ε 1 ≤ 10 are at y < 0 and y > L y . The structure is uniform along OX axis: ∂/∂x = 0. The dielectric nonlinearity in SrTiO 3 is due to the nonlinear properties of the lattice polarization 0 P ε . The basic equations that describe the nonlinear EM wave propagation in paraelectric crystalline SrTiO 3 are [7] : ( ) (  )   2  2  2  2  2  2  0   2  2  2   0  0  2  2  2  2   1  0  ; 1 ; . [7] . For SrTiO 3 the permittivity increases with the decrease of temperature [7] . In Equations (1) the parameter P 0 determines the nonlinearity of the polarization. It is connected with the characteristic value of the electric field E 0 , where the nonlinearity is essential:
. At the temperature T ≈ 77 K it is E 0 = 60 kV/cm [7] . Because of small dissipation in SrTiO 3 , the nonlinearity manifests at the amplitudes of EM waves at least one order smaller than E 0 . In the linear case Equations (1) lead to the well-known expression of the com-
0 , 0.
In the nonlinear stationary case Equations (1) result in the formula for the nonlinear permittivity [7] [8]:
( ) 
The expressions (3) for the static nonlinear permittivity are equivalent in the case of moderate electric fields 0 E E < . Namely this case is considered below.
Equations (1) are used below to describe the dynamics of the nonlinear waves both in the absence of a bias electric field, Section 3, and in the presence of it, Section 4.
Nonlinear Self-Action

Basic Equations
Here nonlinear EM wave processes are investigated in crystalline SrTiO 3 without a bias electric field, where the cubic nonlinearity is dominating. From Equations (1) it is possible to obtain a single equation for the polarization:
0 .
The nonlinearity is considered as moderate, so the method of slowly varying amplitudes is applied. The carrier frequency ω is higher than ω T /3, so there are no propagating resonant higher harmonics and the principal action of the cubic nonlinearity is the self-action. The solution of Equation (4) 
Here B(z, y, t) is a slowly varying amplitude. Equation (5) 
Alter the substitution of Equation (5) into Equation (4) one can get the Equation:
( )
.
Here F = 0 is the linear dispersion relation; Equation (6) has been obtained from the linear dispersion relation when the dissipation γ has been put to zero.
In the case of moderate nonlinearity Equation (6) , , 0 1 2
The expansion of F has been used near the point , , 0
. Thus, the following nonlinear parabolic equation has been derived:
For a practical use, it is better to rewrite Equation (9) in terms of the electric field E:
Here ( ) , , A z y t is the slowly varying amplitude for the electric field. 
Equation (11) is the nonlinear Schrödinger equation [16] [17] [24] - [26] . The layer of SrTiO 3 has a finite width L y along OY axis. Equation (11) is added by the boundary conditions:
Here A 0 is the maximum amplitude of the input pulse; F t (t) is a dependence of the long input pulse on t, which is close to rectangular; the parameter y 0 determines the distribution of the input pulse along the transverse coordinate y, i.e. the width of input EM beam. The length of the crystal is L z . The function M(y) is due to possible focusing of the input beam, as discussed below. Because the permittivities of the lateral dielectrics at y < 0 and y > L y are much smaller than the permittivity of SrTiO 3 , the electric field does not penetrate into these dielectrics. But the nonlinear dynamics occurs within the crystal SrTiO 3 and does not depend on the width L y , but depends on the width of the EM beam, so an influence of the lateral boundaries is not essential. It is considered the case without reflections at the input z = 0 and the output z = L z of the crystal, because the presence of reflections results in the generation of non-regular, or even chaotic, MI [19] .
The dynamics of MI has been investigated also under the focusing of the input wave.
It is assumed that the input pulse is excited by the circular antenna of the radius of curvature R, as seen from Figure 1 . In this case at the input the electromagnetic wave obtains the additional phase shift:
where F z is the distance from the input to the focus point,
is the wave number. Correspondingly, in the plane z = 0 the input amplitude, Equation it is possible to reduce the thresholds of MI and to increase the amplitudes of the output short pulses.
In THz range the frequency dispersion is essential, it prevents the generation of higher harmonics. Moreover, in this paper the frequencies of higher harmonics in the absence of the bias electric field are higher that the soft mode frequency ω T and do not
propagate.
The signs of the dispersion and nonlinear coefficients coincide: 1 0 g N ⋅ > . This corresponds to a possibility of propagation of pulse envelope solitons [15] [16] [24] . But for practical needs the realization of the modulation instability (MI) is more important,
where it is possible to get regular sequences of short output pulses from input long pulses [19] . Note that the nonlinearity is defocusing in the transverse direction: 
Simulations of Modulation Instability
For the numerical simulations the following parameters of crystalline SrTiO 3 are the used: permittivity is ( ) At higher values of the input amplitudes A 0 the dynamics of MI becomes non-regular and chaotic. Thus, the input amplitudes should be chosen properly to provide the regular sequences of short pulses at the output z = L z . At higher carrier frequencies ω > 0.6 ω T the dispersion coefficient |g 1 | increases and the group velocity v g decreases. Therefore, to observe MI at these frequencies the lengths of the crystal should be smaller than ones presented in Figures 2-4 . In Figure 5 , Figure 6 the results of simulations of MI are presented for the carrier frequency Thus, the absence of MI in the transverse direction plays a positive role for a stable generation of sequences of short output pulses under focusing of the input long pulse.
Generation of Higher Harmonics
Basic Equations
In this Section the nonlinear THz wave propagation is considered when the bias electric field E s is applied along OX axis:
In this case the dominating nonlinearity is quadratic one. P s is the constant polarization that corresponds to the bias field E s . Equations (1) 
Below the nonlinearity is assumed as moderate:
s s E E E P P P < < < <   The stationary case of the harmonic generation is investigated. The method of slowly varying amplitudes is applied [25] - [27] here: 
The following relations should be satisfied:
. Here k(ω j ) is the complex wave number for j th harmonic.
The set of coupled equations for B j has been obtained:
For applications it is better to use the slowly varying amplitudes for the electric field of EM waves: 
Equations (17) 
Here Q s is determined from the Equation:
The typical values of the bias electric field E s and the input amplitudes for the first harmonic are E s /E 0 = 0.2 − 0.5, A 10 /E 0 = 0.02 − 0.1, and therefore Q s ≈ E s . Equations (19) agree with [20] The boundary conditions are similar to Equation (12), but for the purely stationary case: 
Here the multiplier M(y) is due to the focusing of the input first harmonic, see Equation (12) and Figure 1 .
There is the principal difference of the generation of higher EM harmonics in THz range from the analogous process in the microwave range. In the microwave range the shock EM wave is formed in the volume crystal or in the metallic waveguide due to nonlinearity without the frequency dispersion. More than 20 harmonics are excited there; this number is limited by the wave dissipation [9] . In THz range the frequency dispersion is important and the number of harmonics is ≤6, see Figure 7 . The harmonics of higher numbers are not excited because of the essential wave dispersion and, thus, great mismatches
, see Equations (19).
Selective Generation of Higher Harmonics
Numerical To increase the efficiency of the generation of higher harmonics it is possible by means of the focusing of the input EM beam. In Figure 9 the parameters are the same as in Figure 8 , but the focusing is applied. The radius of the curvature of the antenna is R = 0.38 cm. By means of the focusing there is a possibility to select the maxima of the higher harmonics. For instance, the 3 rd harmonic has the maximum at the length z = 0.4 cm, whereas the 4 th one has its maximum at z = 0.35 cm, the 5 th one has its maximum at z = 0.32 cm. One can see that the maximum of the 3 rd harmonic exceeds the maximum of the input first one.
In Figure 10 the carrier frequency of the first harmonic is higher than in Figure 8 , Near the focus for the first harmonic the excited 2 nd harmonic reaches the maximum value, which has the intensity 5 times higher than the input first harmonic. The mutual nonlinear focusing of the first and the second harmonics is known in optics [27] . But here the increased efficiency of the excitation of the second harmonic occurs when also the third and higher harmonics are also excited during the nonlinear interaction and take the part of the input energy of the first harmonic.
Thus, the focusing of the input first harmonic may increase the efficiency of the generation of higher harmonics of THz range in a bounded nonlinear dielectric SrTiO 3 .
Conclusions
In the lower frequency part of the terahertz range at frequencies f = 0.4 -0.8 THz The bounded crystals SrTiO 3 can be used for the frequency multiplication in the low frequency part of the terahertz range at the temperatures T ~ 77 K. The bias electric field should be applied there and the quadratic nonlinearity is dominating. The frequency dispersion is important in the terahertz range. Really no more than 6 higher harmonics are excited. There is a possibility to increase the efficiency of the frequency multiplication by means of the focusing of the input first harmonic. Also it is possible to select the maxima of higher harmonics by means of the optimization of the length of the crystal and the radius of curvature of the exciting antenna.
